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Memorandum

Date: August 19, 2002

From: Christopher J. Neville

To: File

SSPA Project: -

Subject: Notes on dual domain parameters for solute transport:

Mass transfer coefficients for fractured rock

Genuchten and Dalton (1986) and Sudicky (1990) have shown that the dual-domain modeling
approach with a first-order mass transfer coefficient can approximate solute transport in idealized
fractured rock settings consisting of uniform slabs and spheres.

The expressions for the first-order mass transfer coefficients

1. For parallel slabs:

2. For spheres:

156,,D,
S=— 2
r-0

Here:
Om . porosity of the immobile zone (porosity that is occupied by the matrix slabs) [-];
D*im : effective diffusion coefficient for the immobile zone [L?T™];
B . slab-thickness [L]; and
ro . sphere radius [L].

The attached notes present detailed developments of the physically-based expressions for the mass
transfer coefficients for slabs and spheres.
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{. GavERNING ERUATION

CONsipER 2P ADYECTIVE - DISPERSIVE TRANSPORT oF A PEACTIVE
SALUTE . FOR STEAPY FLOW , THE GOVERNING ERUATION FoR THE
CINCENTRATION [N THE MOBILE ZaNE 5 -

"

a(emzm(;) = 3(‘?(C) “'_B_(Gmoyaafj) - Qm Em >\C - ¢Y + Q*C*

ot %, OX.;
| I 1 L A [ 3 1 ! | W |
ADVECTIVE DiISPERSIVE FIRsST JRDER DouBlLe STURCE
FLUX FLUX PECAY FEROSITY
TERM
where .

YOLUME oF MJBILE WATER

() €., = Porosmy oF THE MOBILE ZoNE
VOLUME dF ENTIRE PIRWUS MEDIUM

(i) Rym = RETARODATION FACTSR FoR THE MOSILE ZONE

- FSR A SOUTE UNDER GOING EBUVILIBRIUM PARTI ONING ONTO
THE sallp PHASE :

O

(i) © = PaRoOsY oF THE VOLUME <F IMMOBILE ZONE
IMMOBILE ZONE TOTAL V@LUME dF fdRouUS MEDIUM

TorAl MASS "TTHAT DIFFUSES NTe THE
IMMOEBIE ZoNE PR UNIT WLUME

b

(vy Y = bDousls PaROSHY TERM =

oF IMMaBIE T ONE

5
!

GEOMETRIC FACTOR
PaROSIT? oF THE IMMOBILE ZONE = VOLUME dF IMMOBILE WATER
YOLUME oF Paraus MeDIuM

1
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2. INITIAL AND BOUNDARY CONDHIONS

L c(t=0)= £x:)
— USUALT Ws witl Assume  <(x,z2,0) = O

2.4) €= ¢, (t) N [

2N

b [e,,.om*?_e]n; A A
]

< - .. dc . -
) [c&c. G"D”eTI,-]n" . g, ¢, (¥) o~ I
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3. LAMACE- TRANSOANED GAVERNING EWUATION

APPL7 THE (APLACE TRANSFORM W.R.T. TIME :
€m R [PE—-C(\E--G)] = - 3(q.c) + 2 (6mD;; 35)
_3xl- 3)(" KJ.
~ Gn KNS — 75;+ Q¥ c*

WE MUST ALSd APPLY THE LAPLACE TRANSToRNM

To THE BaUunNDARY CaNDHONS :
a) E-(X;,P) = c, (f) oN [T

B) [Q“,Dm"..é& Ny = &"(,b) o G

c) [czt,g"emD!-j.aEE_:_]n‘- = g E° (F) on I"S
J
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4. TREATMENT GF THE DGUBLE POROSTY TERM

THE DOVBLE FOROSITY TERM KEPRESENTS THE TuTAL MASS
THAT DIFFUSES INTo THE /MMOBILE ZaNE PER ONMT VOULUME
OF IMMOQB(LE TINE, THE DPJVBLE PORASTY TERM 5 REPRESENTED
B? THE FolloWING CanvalunoN INTEGRAL :

¢
Y" f C(X‘-,-E) S(é-t) JT
Q
where : g9 (t) = WrFlueENcE FUNCTON’

%  REPRESEWTING THE DIFFUSIVE FLUX TO THE IMMGEIE
TONE A3 A CaonNVOWWNOoN INTEGRAL POSES PRoBLEM S
FOR  CONVEWD ONAL  TIME- MARCHING SCHENES. THIT &
BECAUSE THE ANALYSIS MUST KEEP TRACK OF THE
HISToRY OF ThE G NCENTRATION AT THE INTERFACE OF
THE MOBILE AND IMMOBILE -ZaNES., COMPUTATIONALLY,
THIS MEANS THAT THE F.€. COEF ACIENT MATRIX MUST
Be Re- ASFEMBULED SR EVERY TIME STEP, &vEW K
CINSTANT ME STEPS.

APILYING THE LAPLACE TRANSFoRM To THE DOVUBLE PGROSITY
TERM :

Y = € (x:,p) 3 (p)

—> /N LAT(ACE SPACE THE CINVOLUTION INTEGERAL REDUCES T
THe PRODUCT aF TJwo FUNCTIONS. THERE Is NG HISTORY TO
KE€P TRACK aF,
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IN ORDER To CGoMPLETE THE DOVBLE PIROSHY FORMULATION
IT IS NECSSSARY To :

( ;') PEFINE THE EFFECTNYE PORISITL OF THE MAIBILE REGIGN
(i) PEFINE JHE DQUBLE POROSITY  TERM X'
(i) DEFINE THE GEOMETRIC FACTOR ¢
WE WI/L CGoNSIDER THREE MODELS :
- SlAas;
> SPHERES ; and
= FIRST- GRPER MASS TRANSFER COEFFICIENT APPRIACH,

A.SLABS

CONSIPEE A FRACTURED SYSTENM CONMFPOSEP aF SLABS:
FOE A FEACTURED SYSTEM THE MaBILE FORoSITY [¥
THE FRACTUEE POROSITY.

— /'//./z////,'lzz/f/

ol

.= -—r
77 77 T PP 7P AT 7 L

PARC _ LAB 26

CoNTROL VOLUME

FLUX " IMmoBLE ZoNE "
e A S 2 A e L AL ¥
FRACTVRE : "M OBILE. ZaNE" 25 —
- /lz'/-'/-’/r////////*

— PEFINE MOBILE PeROSHY 6 |

 Vorume Feacre _ b1
O = 5 —
CoNTRAL VOLUME (B+h)1
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— b ‘ Diffusive flux from immobile region
EFINE MASS TRANSFORMTERM, Y |00 it volume of immobile region

* APPLYING Ficklr LAW FoR SLAB :
where (SA/‘*M\ is the

surface arca per vt

Y = QJmDm:l x_i_ » 59 velume of porss mediva
3z’ g v

NB: The ne garhve Sign o5 emifled becauvse a gan of masr
in the immebile zone carrc:FOhuLc fo a losr in He

mobile 2me

The Lapface tansform of Y s given 57:

Y = 8,n D,* dc’ . (SA)
2'=B 'vm

dz



CJN
Text Box
Diffusive flux from immobile region
per unit volume of immobile region
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* Defoe (%’i) , the surface area per vart yolume -of pornss mMedium ;-
- Im e e e . C e

E//(A////////1

2 !
RN
VLA N NNy l
2 ¥ |
; SLAB A 26
% ' / '
Yy YYYy, [
O O T B B O B
| -t
///////////'//_//
7 )

FaR A SLAB THERE ARE Tupo FACES ACRoss WHICH MASS
DIFFUSES FRaM THE MOBILE TO THE MMSBILE ZONE.
THEREFGRE , THE SOURFACE AREA AVAILABLE [oR DIFFUSION (3

CsA=2(Ld).
N 'I;HE ValuMe GF A SLAB I3 1
M2 (28) (1) L

A SA - 2(¢d) - 4
Vom (28)(14) B
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CONCENTRATION GRADIENT

L A Y A B N A S
!

— | Zb BECruwe OF 5V arETRY WE
L — —2%0 | €6 NEED 7 CorlSmos o7 .
e <! ¥ HAa1e oF THe Ele<iT.

—— <
P s s
;////
/
A

FoR P DIFFusiord INTO THE BLOCKS, THE caNCENTRAT ON
IS GoNERNET BY FICK'S SECOND LAW '

R'3(Gint' )= 3 (CinDy3c') + QuR'Ac’ =0 ; <= 2z B
ot o oz’ S
sugfeer o : 9< (0, t) = ©
oF

c' (B, t) = < (t)

c' (2 0) !

ASSUMING  THAT ‘EACH SLAE HAS A UNIFORAM PoRosIT? & un
THE GOVEEARIG €rUamaor CAN BE SHAPULIFIED "TO -

R'oc’~ D,"3%" + R'hc! = O
af 82'1

APPLTING TE LAALAGE TRANSFoSLMATION YELDS -

EI

R



RE - ABRRANG ING =

SUBJECT TO 4 (0, P) = @

g’ (BP) = <(P)

RE-WE NG ~THE TEACFo SIS GoERAMNG TR UAT O -

TINE HAS AS 1S GENTRAL Solumnrax/

fEAE,(P{(g_f:;) 2] + Bexrf- (Pz ) }

AND jg’—.- gfi)"éA apf'%)’&z}

~/ re! —(F‘R")yzz}
Dom™ D"
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EVALUATING THE CAITANTS A s B g iwvexine ThHE
Baoumioary CoNDMoNS -

_ii’(O) = O = A—B
d=

g(B) = T =

— A =B

it £28

A HP{(%;)‘/ZQ}+AEXP{— (=L
R )f/z

B DLM,‘

THE SEConDd EBIUNOARY Loneinaw SIMPLIFIES TTD

& = A cosH (pe)
A - = |
CASH. (/‘35)

. . . T
SUBSTITNTING INTD THE &Geweas. Sawunad TR <

&= _¢

&= 2 cosH(p=)

CosH (F'b)

DIFFERENTIATNG W.RT. 2

a.

& epan(pr)

g2 e COSH(PB)- - L e
- dg’ = ©pswnH(PB)

92’ lz.p COSH(PE’)

= Ep AW ([5&) .-

Jee?



—

SUBSTITUTING FoR. (__SA; IN THE EXPRESFIoN Fof Y YEWs

¥

Y = er.‘szm* dE' . 1
LI 3?'?':5 B

SUBsSTITUTING [oR .?‘_‘1'

WE ODTAIN
Jd2' | g'=B

Y = GimDu* (EP’TANH(PD))

- SIMPLIFYING

. :‘- = T GnmDw [5 'TANH(PD)
D .

{2 o 28
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HOWEVER | FroM THE DEFINMaN OF THE DoUBLE PaRQ ST

TERM WE HAD :

-\E'='<_:3

THEREFORE , COMPARING THE Two ExPrESSIGNS Fok ¥

WE DEDUCE

g = eunBDtm" £ TanH (FE)) FoR SLABS

— GEOMETRIC FACTOR cj>
¢ = Finmobile
VPM
For slabs :

¢ = 281d
(b+5+b)2c{

= 25 = B
2(8+b) B+b

=1- 6,
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B. SPHERES

For. DIFEUSIGN INTO SPHERES THE DIFFustonl eRuanaod N
SFPHERICAL COORDINATES (S

R'3(Gimc’) — | 9£rzel-m D‘-,,,"ﬁg’) +8.mR'\Ne' =0 ; Osr=r,

3¢ r%y ar
SUBuscT TO - %‘ri'(o,f) =
c'(rb,t) = ¢
c'(r,0) =0

WHers ©a = RADUS o A SHERE

ASSUMING CANSTARWT FOROSITY SDom THE GOEENNG ER'UATTS
SIMALIFES TD

O_,

' ﬁac-p”_f;a'(r“‘é + RAc! =
ot r' ar= B—
APPINING e LAFLACE TEANSToRAATION &
=0

RlPC_j s rzarz(r’lac) —f-f?}\c

. RE-ARSANGING - .

L e
.. Z F’R'fo,mf;_r.éc)_;o_
() 'F’._ar?(F o
TH'E SO@rmm s aGiven BY -

&' =T rn snk(BrY .
. r Sl'NH.(F’f'o)

P ()
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. DIFFERENTATING _W.RT. T

4! = [ (r s (Ar)(rap com(Br)) = (ro sw(Pri) (s (P'"o)l
dr B (r smH (/5:3))

. - }--r,pco.m (Pr) - r, siNnH (A1) 1
L F2 SINH(Bra)

. EVALUANNG THE. DERINAGQNE AT THE SPHERE SURFACE , F=te

_c_(_c“:_'l = | ‘E[ ro b cast(Pra) = ro SINH(Br) J

4 lrar, Fe? SINH (f2T0)
= E . ( o) — l
[/5 COTH /3r- ) = il

— . NawW, cONsIDERING THE GCFoMETRY dF A SPHERE :

i. SURFAcE AReA : 4w, 2

il VYOLUME



THUS, ACCORDING TO RAICK'S LAW, THE DIFFFUSINE FLUX
FER UNm VOLUME GF (MMOBILE ZQNE S :

Y = gunDuh* }._Cf 4Troz
3 ey [ ———
4 wr B

N

( 4ar, 2
rar, \Zpxr3

dr
.3
— N
SuBsmmunNGg  For 2% AND SMPLIFYING
dr r'nre

? = BwnDien* E r-[bCOTH(Fl"o)__I__jl .'3

L.

SIMPLIFYING -

X = S . 30D |pa Y=
_ c [ﬁccm-{(/f»r-) T‘_:[

o

1¢c o 28
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_COMPARING THIS EXPREsSioN FoR § WMH —ue DEFINMOY e
_aF ¥, We  oBTAIN : . B e

5 = 39£mb . co (Bte -f_.- | .Foﬁ SPHERES
J I = I:P /3 ) ‘“o:]

~— NOIE : BOH OF THE [APWCE “TRANSFORMED INFLUENCE
FUNCTIaNS , § , CAN BE INVERTED ANALTNICALLY.
 THe REALTME’ EXPREsSIONS FoR g ARE CONVOLUTION
INTEGRALS INVOLMNG INFINTE SERIES, THEREFORE, R
CONVEMONAL TIME- MARCHING SCHEMES NEED To
EVALUATE THE INFINDE SERES AS wWetl AS RETAN
THE CanNcEwmeAT\ON  HISTORY IN HE MOBILE ZONE.

— GEOMNMETRIC FACTOR FoR SPHERES : . .o
C)() = deFendJ vpem the ,f)qckmy of the spﬁeres -
6, =047

> $ =6, =1-6,. 053 . ..

8, = 0.2¢

— ¢’=e'm=‘l—em=0.74’

RHoMBoHEDﬁAL
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C.

FlesT ORDER APrRoAcCH

THE PDIFFUSIVE FLUX TO THE IMMGOBILE ZONE CAN ALsSO

B MODELLED AS A FIRST ORDER REACTIOW. THIS
APPROACH DOES NOT INVoke Aack's Law , INSTEAD

SPECIFYING THAT THE FLUX (S LINSAERLY PACPIRTICNAL

T THE CONCEMTEATION PIFFEREXCE BETWEEN THE
MaoBlls AND [MMOBIE ZTaONES,

—— "THE ADVECTION-DISPERSION EpUATIaN R THE MGOBILE
Zae IS WRITTEN AS

3(8mRnc) = - 3(9:€) + 3 (©mDidc) - SpmRnie
J - fan Bz
ot IxX; OX¢ _5‘3)

CACE c')

where : K (c-c') = FluxTo Tve IMMoBiLE Zaxe = ¢Y

ol = NAsS TRANSFER COEFFICIENT

THE INMAL CovDmoNs ARE

C(x;,G) - F(x;)
APPLTING TTHE LAPLACE TRANSEORM WE QBTAIN :

OmRon [pe-s60]

= -2(2E) + 3 (6mDyI&_ )~ OnRaiE - o (E~T')
X, X dX;




. SETIING P=F+)\ WE OBTAN -

| ”é;F?mPE + 3({: E) — 3 (&mD;2c ) +a(T-8) = 6.
axt- %, 7 an

—— THE GOVERNING EXRUATION R THE INMOKI(LE ZONE
CONCENTRANON IS :

et;g'%%g - - BwR he! + a(c-c’)

— THE SleN OGN THE DIFFusive FLOX IS REVER S5

13 of 28

R £(x2)

BECAUSE A LOSs FROM THE MOJBILE 2008 CoRAESPaNDS.

To A GAMN IN THE IMNOBILE ZONE .,

JINMAL CoNp fMaNs

c'(0) = O
APPLYING THE LAPACE TRANIMDEM. YIEWDS

Q/mRJFafa - Grmk')\E.’ + of (C-:-—E,) -

LaR o

C'O0mR'P~ a(T-t')



SotvING FoR &' Yiewos -

nl
I
o

oL
leQ'P + o

<|
f

= fi-_.[a“ Cc o }
¢ elmQ'P.f.o{

= C- o ermE'P-f-d___d:l

P | BmRP+«

c- | l:ocQ.mR'P }
5_ elmR’P—}-o{,

n
0

o s

New , IN THIS FORMULATION THE [MMOBILE ZOWE I5 UBIGUTTRUS

HENCE §:=[

5 = _ot8mR'P
OmR'P + ot

20 oF 28
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. RELATIONS BETWEEN Pu¥siCAL DUAL PAROSITY NMODELS
AND THE MASS TRANSFER _COEFFICIENT APPROACH

/s Fa.mé/c +f derve aﬁ,rammq-ﬁe relahons between
'1%6 5/46 dnd JFACJ'E fnoc{els ano’ ‘fﬂe ﬁrn‘-artfc!'
C\FP!'aQC/iCJ', and 'ﬂ)ereé)r atfach some /:v/;ysth/

significance of The mass hransfer cocfficient.

1 First , lef us recall the expresssom Ffor the first-arder
magss fransfer coeffcient qﬂaroach :

9“ = £ GmR'P
GmRP +u

Ke—qrr‘an 50‘)9 :

5 = GIAK‘P' OC = ”"jRIF- 1 )
ImR'P + OmR'P + {
o

New, vsing. the approxumehon :

{ P /1 —x ) vahd for x £ 0.1
{+x

with X = .%R_’f’

we um’e :

55 GnrP (1~ G;QR.’P) —(4)
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2. Recalllng 'f/;e SO/U’I‘Jm ﬁ')" SfaLs :

3§ = 6.0n P TaNR B}
B

New, using the approxumarhon :
TANH [x] & x - 2
with x =B
we write :
g% Subi p(po- (p2))
3

B | 2
= OnDy p po (1= (ga)")
th-Dm# p a ( 13" (EB)Z)
| 3

[l

Substhrng For B (= (PR'

D,,,*>vz):
g% 6. D*(FR)({—-B(PR ))

' Z
= 0.RP (1- BPBY) (5

3D
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> F we c?uq:]‘e (A) and (B) we can denve an
Cx/orcrﬂdh f;s'r ol 7"A4.+ ir 4/:PFOXIm¢U"c/7
consistent with +he slab model.

g:.' (!" M\RF = e"ﬂ ’P (1 )PB )
o 30

These fwo expressions wil be cfw\/q/em" F

g;mR‘f, = R.FEZ
o 3D,

5-0/\/1:15 for ol :

« = 39G,D* . €— Far SLABS
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3. Rcca/ﬁnj the salrhon for :f/uered- :

7= 39,,:_0,,,,* [/3 cmzfﬁr,}~l__f; ]

o

Now , Using Fhe a,pfrax/ma/vcm :

SUbshMﬂj ‘fbr p

0
i\

, 2
32 8.D.* [ PR_\ I - PR’)_r_i ]
r; D,m* 3 -Dmn* 45

= AP - ()= ] —(c)
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—  Jf we e?um‘e (/f) and (C) we can denve an
express/en for oo that s a)oPrn/ma-fe/y
Censutent arth The slab modef .

§=Q,meP(!-_Q_?§2)= @mRP,[{_ %%]

These Hwvo expressions onll be c7wva/cnf- e

4,R'P = (ﬁ'_ﬁ. e
» 2.7/ 05

Sa/vmj for of :

L = /56,0, | €—— for SPHERES
/;z
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5. EXAMPLE ANALTSIS
ref: supiexy (1910)

1. This problem is concerned with transport in a system comprised of closely-
~~ spaced, parallel fractures for which the analytical solution by Sudicky and Frind -
(1982) is available. The thickness of each rock slab is 2B=0.1 m and the ap-
"~ erture of each fracture is 10~* m which yields a fracture porosity 8,,, equal to -
10-2 (Table IT}. For the given values of the Darcy flux, ¢ and fracture porosity,
* the groundwater velocity in each fracture is 0.1 m/d.

Fracture aperture, 26=10"*m

- Fracture spacing, 2B=10"'m
Darcy flux, g=10"*m/d
Fracture porosity, 8,=05x10"1/5x 10~ '=10"2
Rock matrix porosity, ,,=10-2
Longitudinal dispersivity, a;=0.1 m
Fracture diffusion coefficient, D% = 1.38 X 10—* m?/d
Matrix diffusion coefficient, D¥, =1.38 X 10 ~° m2/d
Solute decay coefficient, A= 1.54% 1044~
Retardation factors, R=R'=1.0

2. CHECK o¥ sUpbickz (1990) CALculonans -

Sudicky (1990)  Vertficahon frofa!em 2z

6, = 001
Dm™ = 138=10°5 p?/d
8 = 005 m

We c:afcufa‘l(e (-} 'ﬁr‘5+ m"cJ-:r' Ma3® ’ﬁ“an-‘“ﬁ-:'r' COEFEC[ED'}‘
OF H

o< = 3 (0.91)(1.358 ~j0"5 m2/d) -
(0.05 m)°

= Jese =i * /d [NoT 1.5¢xi0-%/4 rerorreD
W supicky (Is9a) P- 22¢ ]
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gm = 2[7
2B+2b
= 10~

= 11%00107% | 5., 073

v
107+ 16~%

Ve = Of Z -
t m/d 2 . (e m{J) = Q00 m/d v
O (/0-3)

4) = em = ‘l.‘l‘!o )‘fo -4 = Q-an‘ ‘0-2
S; 1.10a x1g-%

3. MobEL

The 300 m long grid was
subdivided into 30 rectangular elements, each of length Ax=10 m (31 by 2 node
" grid). Considering the small value of the longitudinal dispersivity for a fracture -
{0 =0.1m}, the spatial discretization is considered to be coarse. Asi in Problem
" 1, the source condition is constant with c=¢g at x=0. -

The LTG results are presented in Fig. 3 where they are compared to the
~ analytical solution. Again the LTG results are essentially exact with no evi-
dence of numerical dispersion being present. For example, the LTG simulation
-~ at t=100 days correctly predicts a negligible concentration for x=10 m al- —
though no nodes are located in the interval 0 <x<10. Even at t=1000 days,
" only a single node is located in the region of significant concentrations yet it —
agrees with the analytical solution.

Anatylic
©  LTG (slabs}

0.8

o6}

c/to

[«X0 o

10,000

0.2 sleady state

Distance (m)

Fig. 3. Comparison of LT'G solution with exact analytic solution for verification problem 2 {par-
allel-fracture case).
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4., RESULTS WITH FIRST-0RDER MASr TRANSFCR, Cobtficladr APPReACH

Figure 4 is used to demonstrate that Problem 2 can be solved without sig- —
nificant loss of accuracy by representing the diffusive exchange between the
fracture and the rock matrix using either spheres instead of slabs or first-order
theory instead of either slabs or spheres. The value of the mass transfer coef-

ficient, ®=1.56X10"*/d, used in Fig. 4a is based on that for equivalent slab

_.. behaviour according to (31) and is seen to yield identical results compared to
the exact slab formation. In Fig. 4b, the sphere radius is chosen such that the

. surface-area-to-volume ratio is identical to that for the slabs (ro=1.58B) and
the value of the mass transfer coefficient, o =3.68 x 10—*/d, for the first-order

.approximation was calculated according to (32). Again, the first order theory __

closely approximates the more rigorous theory based on Fick’s second law of

.. diffusion, Also, comparison of Fig. 4b with Fig. 4a indicates that different im-
mobile-zone geometries will produce similar mobile-zone concentrations as long
as the surface-area-to-volume ratio remains identical {Rasmuson, 1984; Van
Genuchten and Dalton, 1986).

os |- LTG (stabs)
O LTG {1%-order}

06 |-

c/ee

04

0.2

Y 15 30 45 60 7B 20 105 120 135 150

Dislonce (m)

081 —— LTG (spheres)
O LTG (lslorder)

c/Co

Distonce (m)

Fig. 4. LTG solution at t=:10,000 days for problem 2 comparing: {a} slabs with equivalent first-
order theoty and (b) spheres with equivalent first-order theory.





